Balanced minimum covers of a finite set  by Burger, A.P. & van Vuuren, J.H.
Discrete Mathematics 307 (2007) 2853–2860
www.elsevier.com/locate/disc
Balanced minimum covers of a ﬁnite set
A.P. Burger, J.H. van Vuuren
Department of Logistics, University of Stellenbosch, Private Bag X1, Matieland 7602, South Africa
Received 14 October 2005; received in revised form 24 December 2006; accepted 10 March 2007
Available online 15 March 2007
Abstract
In this paper a method of enumeration for n-balanced, labelled, minimum covers of a ﬁnite set of m indistinguishable elements
is developed. The method is then used to tabulate the number of such covers for small values of m and n by means of a generating
function.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A labelled cover of a ﬁnite setUm of m unlabelled or indistinguishable elements is a familyC of distinct, non-empty,
labelled subsets of Um whose union is Um. The number, ∗(m), of different labelled covers of Um consisting of 
members (not necessarily all of the same cardinality) may be found recursively by means of the expression
∗(m) =
(2 + m − 2
m
)
−
−1∑
i=1
(−1)i+1
(

i
)(2−i + m − 2
m
)
−
−1∑
i=1
S(, i)∗i (m),
=
−1∑
i=0
(−1)i
(

i
)(2−i + m − 2
m
)
−
−1∑
i=1
S(, i)∗i (m), (1)
together with the initial condition ∗1(m) = 1 for all m ∈ N. This expression may be found by counting the number of
ways in which m indistinguishable objects (in this case the members ofUm) may be placed into 2 − 1 distinguishable
compartments (in this case the inclusion–exclusion compartments formed when  sets overlap), namely
(
2−1+m−1
m
)
[5]. Although each of these placements corresponds to a different family of subsets of Um, each with the property of
covering Um, some of these families are not valid covers in the sense that members of some of the families may be
empty and/or coincide exactly, which accounts for the ﬁrst and second subtraction terms in (1), respectively. The ﬁrst
subtraction term follows directly from the inclusion–exclusion principle, the ith term (1 i − 1) representing the
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Table 1
Values of ∗(m) for 17 and 1m7
 m
1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 0 3 7 12 18 25 33
3 0 3 35 131 347 767 1511
4 0 0 140 1435 7693 30 450 100 330
5 0 0 420 15 225 185 031 1 438 906 8 689 306
6 0 0 840 150 570 4 568 046 74 697 280 881 836 776
7 0 0 840 1 351 770 111 793 710 4 039 684 152 97 287 176 368
Note that there is no way of covering m elements with 2m sets without introducing an exact overlap between two sets—this accounts for the zero
entries in the table.
number of placements in which at least i of the cover members are empty. The Stirling number (of the second kind),
S(, i) = 1
i!
i∑
k=0
(−1)k
(
i
k
)
(i − k),
in the second subtraction term denotes the number of ways in which a set of  elements (in this case members of
a cover) may be partitioned (in this case merged together) into exactly i (indistinguishable, non-empty) subsets [6].
Hence the term ∗i (m)S(, i) in (1) denotes the number of ways in which a family of exactly i distinct subsets of a set
of m elements with the covering property may be formed (i.e., families in which  − i of the members coincide with
other members) after having merged or contracted the number of distinct family members from  to i. The recursive
relationship in (1) may be used to populate tables such as Table 1, which contains values of ∗(m) for small values of
 and m.
A cover of Um is said to be n-balanced if each of its members has cardinality n, for some 1nm. Furthermore,
an n-balanced cover ofUm of minimum cardinality is called a minimum cover1 ofUm. In this paper we are interested
in how many of the ∗(m) labelled -member covers in (1) are both n-balanced and minimum. Let ˆ(m, n) denote
this number and let (m, n) denote the total number of n-balanced, labelled, -member covers ofUm (not necessarily
minimum covers). The problems of evaluating ˆ(m, n) and (m, n) have relevance in, for example, determining the
number of non-isomorphic playing sets in lotteries [1].
Similar counting arguments have been carried out by Hearne and Wagner [2], who enumerated minimal (unlabelled,
not necessarily balanced) covers of a ﬁnite set of indistinguishable elements and by Macula [3,4], who enumer-
ated (unlabelled, not necessarily balanced or minimal) proper covers2 and (unlabelled, not necessarily balanced)
k-covers3 of a ﬁnite set of indistinguishable elements.
Since we consider labelled, n-balanced covers only, we shall omit the adjectives labelled and n-balanced when
referring to covers in the remainder of this paper, whilst reserving the symbol n for the cardinality of cover members.
Our approach towards evaluating ˆ(m, n) entails modelling every cover of Um as the result of a series of progressive
set operations, called contractions, starting from a collection of disjoint n-sets, as explained in Section 2. A method
of counting such contractions is then developed in Section 3, in which a generating function for the enumeration of
the number of different contractions corresponding to minimum covers is also developed, from which ˆ(m, n) may be
derived. The paper closes in Section 4 with a few remarks and suggestions as to possible approaches towards evaluating
(m, n). We also outline a number of possible extensions to the work in this paper in the closing section.
1 Not to be confused with a minimal cover, which is a cover with the property that if any one of its members is removed, then the covering
property is destroyed.
2 Covers in which inclusion of the whole set to be covered is disallowed.
3 Covers in which each member of the set to be covered appears in at least k (alternatively, exactly k) members.
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2. Viewing covers as contractions
The maximum number of elements that can be covered with  sets, each of cardinality n, is n (i.e., when the subsets
are mutually disjoint). However, any -member cover C of mn elements may be formed from such a collection
of  disjoint n-sets by means of a series of consecutive contractions, each contraction progressively introducing an
additional single element overlap between (at least two of) the n-sets.
Example 1. The construction of a 4-member cover of 19 elements (each member of cardinality 6) is shown in
Fig. 1. During each of the four contractions in the ﬁgure an element from each of a number of 6-sets is collapsed
to form a single element after the contraction. The result of each contraction is itself, of course, a 4-member cover, but
of fewer and fewer elements as the contraction process progresses. For example, the result of the ﬁrst contraction in
Fig. 1 (shown in part (b) of the ﬁgure) is a 4-member cover of 23 elements, the result of the second contraction (part
(c) in the ﬁgure) is a 4-member cover of 21 elements, and so on, each member of every contraction comprising 6
elements.
Note that whenever an element of Um occurs in more than two members of a cover, it is dealt with by means of a
single multi-set contraction rather than by a sequence of two-set contractions.
C2 C3C1 C4
C4C3
C1 C2
C1 C2
C3
C1 C2
C3
C4
C4
C1
C3
C2 C4
Fig. 1. A 4-member cover C= {C1, C2, C3, C4} of 19 elements may be formed by means of four contractions from four disjoint sets of 6 elements
each.
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If si denotes the number of elements that occur in exactly i members of an -member cover C ofUm (i = 1, . . . , ),
then C may be constructed via a series of
∑
i=2si contractions from  disjoint n-sets. The quantity c(m, n) = n − m
is therefore a measure of the degree of overlap that is present between the members of C, and we call this quantity the
contraction number. More precisely,
c(m, n) = n − m =
∑
i=1
isi −
∑
i=1
si =
∑
i=2
(i − 1)si
represents the number of elements not uniquely covered by members of C, counting multiplicities (in the sense of
counting elements that occur in exactly i members of the cover i − 1 times). In order to describe the structure of an
-member cover ofUm in terms of the overlapping properties of its members, we introduce the notion of a contraction
vector, which has the form
C= [(a(1)1 a(1)2 · · · a(1)i1+1)(a
(2)
1 a
(2)
2 · · · a(2)i2+1) · · · (a
(x)
1 a
(x)
2 · · · a(x)ix+1)], (2)
where x =∑i=2si denotes the total number of contractions required, and where the entries of
(a
(j)
1 a
(j)
2 · · · a(j)ij+1) (3)
are the labels of the ij + 1 sets to be dealt with during the jth contraction. For each element of Um shared exclusively
by members a(j)1 , a
(j)
2 , . . . , a
(j)
ij+1 ofC, an element of the form in (3) is included in the contraction vector C. Therefore,
each entry a(j)k is an element of the setL={1, . . . , }, for all 1k ij + 1 and all 1jx, satisfying the constraints
x∑
j=1
ij = c(m, n) and 1 i1, i2, . . . , ix − 1, (4)
each a ∈L occurs at most n times in C, and (5)
each pair a, b ∈L occurs together in at most n − 1 entries of C. (6)
Constraint (4) ensures that C corresponds to the correct contraction number, whilst constraint (5) ensures that the
cover associated with C is n-balanced. Finally, constraint (6) ensures that the members of the cover resulting from the
contraction are distinct.
Example 2. The 4-member cover of 19 elements shown in Fig. 1(e) has the contraction vector C=[(13)(123)(12)(24)]
associated with it. This notation may be understood as follows: A series of four contractions are carried out to obtain
the cover and takes place in a manner such that four of the 19 elements are not covered uniquely; one of these elements
is shared exclusively by members 1 and 3 of the cover, another is shared exclusively by members 1–3, yet another
element is shared exclusively by members 1 and 2 and the ﬁnal non-uniquely covered element is shared exclusively by
members 2 and 4 of the cover.
Note that the order in which contractions occur is irrelevant and that each cover has a unique contraction vector
associated with it. The problem of ﬁnding (m, n) therefore reduces to enumerating contraction vectors of the form
(2), subject to the constraints (4)–(6).
3. Minimum covers
It is possible to characterise minimum covers in terms of their contraction numbers.
Proposition 1. A cover of Um with contraction number c(m, n) is minimum if and only if c(m, n)n − 1.
Proof. Consider a cover C of Um of cardinality  and with contraction number c(m, n) = n − mn − 1. Then
n( − 1)m − 1, which indicates that if C were to contain one member fewer (than ), at least one element of Um
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would not be covered by C, even in the most optimistic scenario where the members of C are disjoint. Hence C is a
minimum cover of Um.
Conversely, consider a minimum coverC ofUm, but suppose that c(m, n)=n−m>n−1. Then n(−1)>m−1,
so that n( − 1)m, implying that it is possible to cover all the elements of Um with  − 1 disjoint n-subsets of Um.
But this contradicts the minimality of the cardinality of C. 
Note that constraint (5) is automatically satisﬁed if c(m, n)n (i.e., by covers that are not too dense—including
minimum covers), because then the number of entries in the contraction vector is at most n. Similarly, constraint (6) is
automatically satisﬁed if c(m, n)n− 1 (i.e., by minimum covers). Therefore the problem of enumerating minimum
covers reduces to enumerating contraction vectors of the form (2), subject to constraint (4) only.
The number of different choices for the indices i1, i2, . . . , ix in (4) is clearly the number of partitions of the contraction
number in which no part exceeds  − 1. There are
(

ij+1
)
different contraction vector elements of the form (3)
corresponding to the part ij in a partition of the contraction number c(m, n) = i1 + · · · + ix , with the convention that(

ij+1
)
= 0 if ij + 1> (j = 1, . . . , x). If we write the partition as 11 + 22 + · · · + cc = c, where c = c(m, n)
and 1, . . . , c0, then there are
c∏
i=1
⎛
⎝
(

i + 1
)
+ i − 1
i
⎞
⎠
different contraction vectors satisfying constraint (4) that correspond to the particular partition. The total number
of contraction vectors satisfying constraint (4), associated with all partitions of the contraction number, is therefore
given by
(c(m, n)) =
∑
11+···+cc=c
c∏
i=1
⎛
⎝
(

i + 1
)
+ i − 1
i
⎞
⎠
. (7)
It is possible to determine closed form expressions for the quantity (i) in (7) for certain small values of  and i.
For example, (0)=1 for all  ∈ N, since there is only one way of covering n elements with  (disjoint) sets, each of
cardinality n. Furthermore, 2(i) = 1 for all i ∈ N, since there is clearly only one way of representing the overlapping
structure of two n-sets. Finally, (1) =
(

2
)
for all 2, because if the contraction number is one, then it follows that
exactly two of the  members of the cover share a single element, whilst the other  − 2 members are disjoint—there
are
(

2
)
ways of choosing the overlapping members and only one way of representing the disjoint members.
Example 3. Suppose m= 19, n= 6 and = 4, so that c4(19, 6)=n−m= 5. Then there are
(
4
3
)
,
(
4
2
)
,
(
4
2
)
and
(
4
2
)
different contraction vector elements corresponding to the partition terms c4(19, 6) = 2 + 1 + 1 + 1, respectively, and
hence
((
4
3
)
+1−1
1
)((
4
2
)
+3−1
3
)
= 224 different contraction vectors in total (corresponding to the speciﬁc partition).
The contraction vector C = [(13)(123)(12)(24)], representing the cover in Fig. 1(e), is one of these vectors. The
various partitions of ﬁve and the corresponding numbers of contraction vector elements are given in Table 2. There are
4(19, 6) = 4(5) = 561 distinct 4-member covers of 19 elements, each member of cardinality 6.
Apart from the values (0), (1) and 2(i) given above it seems to be a hard problem to ﬁnd a closed-form
representation of (c(m, n)) in (7). However, it is possible to evaluate the sequence ((i))∞i=0 by means of a
generating function, p(t) = (0) + (1)t + (2)t2 + (3)t3 + · · · Since the coefﬁcient of t ik in
1 +
(

k + 1
)
tk +
⎛
⎝
(

k + 1
)
+ 2 − 1
2
⎞
⎠ t2k +
⎛
⎝
(

k + 1
)
+ 3 − 1
3
⎞
⎠ t3k + · · · (8)
is the number of ways in which i elements of length k + 1 may be speciﬁed for inclusion in a contraction vector (i.e.,
the number of entries of the form (3) with ij = k), it follows that (c(m, n)) may be evaluated as the number of ways
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Table 2
The number of contraction vectors corresponding to 4-member covers of 19 elements, each member containing six elements
Partition Expression (7)
5 = 1 + 1 + 1 + 1 + 1
((
4
2
)
+5−1
5
)
= 252
=2 + 1 + 1 + 1
((
4
3
)
+1−1
1
)((
4
2
)
+3−1
3
)
= 224
=2 + 2 + 1
((
4
3
)
+2−1
2
)((
4
2
)
+1−1
1
)
= 60
=3 + 1 + 1
((
4
4
)
+1−1
1
)((
4
2
)
+2−1
1
)
= 21
=3 + 2
((
4
4
)
+1−1
1
)((
4
3
)
+1−1
1
)
= 4
=4 + 1
((
4
5
)
+1−1
1
)((
4
2
)
+1−1
1
)
= 0
=5
((
4
6
)
+1−1
1
)
= 0
Total: 561
Table 3
Values of (c(m, n)) for 210 and 0c(m, n)6
 c(m, n)
0 1 2 3 4 5 6
2 1 1 1 1 1 1 1
3 1 3 7 13 22 34 50
4 1 6 25 81 226 561 1277
5 1 10 65 325 1371 5087 17 080
6 1 15 140 995 5901 30 569 142 375
7 1 21 266 2541 20 097 138 103 849 514
8 1 28 462 5698 57 813 507 360 3 971 549
9 1 36 750 11 586 146 427 1 594 272 15 434 953
10 1 45 1155 21 825 335 742 4 433 484 51 911 575
of choosing a term from each of the power series (8), for k = 1, . . . ,  − 1, in such a way that the indeterminate of the
product of the terms is tc(m,n). Hence the coefﬁcient of tc(m,n) in the expansion
p(t) =
∞∏
k=1
∞∑
i=0
⎛
⎝
(

k + 1
)
+ i − 1
i
⎞
⎠ t ik (9)
is exactly (c(m, n)), following the convention that 00 = 1. The generating function in (9) may be used to populate
tables such as Table 3, which contains values of (i) in (7) for small values of  and i.
Finally, it is possible to ﬁnd the cardinality of a minimum cover exactly, as stated in the following proposition, which
is not difﬁcult to prove.
Proposition 2. If a cover C of Um is minimum, then |C| = m/n.
The number of minimum covers of Um is therefore given by
ˆ(m, n) =  m
n

(
n
⌈m
n
⌉
− m
)
. (10)
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Table 4
Values of ˆ(m, n) for 1m20 and 1n10
m n
1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0
3 1 1 1 0 0 0 0 0 0 0
4 1 1 1 1 0 0 0 0 0 0
5 1 3 1 1 1 0 0 0 0 0
6 1 1 1 1 1 1 0 0 0 0
7 1 6 7 1 1 1 1 0 0 0
8 1 1 3 1 1 1 1 1 0 0
9 1 10 1 13 1 1 1 1 1 0
10 1 1 25 7 1 1 1 1 1 1
11 1 15 6 3 22 1 1 1 1 1
12 1 1 1 1 13 1 1 1 1 1
13 1 21 65 81 7 34 1 1 1 1
14 1 1 10 25 3 22 1 1 1 1
15 1 28 1 6 1 13 50 1 1 1
16 1 1 140 1 226 7 34 1 1 1
17 1 36 15 325 81 3 22 70 1 1
18 1 1 1 65 25 1 13 50 1 1
19 1 45 266 10 6 561 7 34 95 1
20 1 1 21 1 1 226 3 22 70 1
Values for ˆ(m, n) above may be found from extensions of tables such as Table 3 as shown in Table 4 for small values
of m and n.
4. Possible extensions
If c(m, n)n − 1 (i.e., when a cover is not minimum), then constraints (5) and (6) may be violated by certain
contraction vectors enumerated in (7) and (10). In particular, if c(m, n)n + 1, then a certain number, (m, n) say,
of contraction vectors enumerated in (7) contain more than n occurrences of elements inL. Moreover, if c(m, n)n,
then a further (m, n) (say) of the vectors enumerated in (7) contain more than n − 1 occurrences of pairs of
elements ofL.
It is not too difﬁcult to see that
(m, n) =
−1∑
i=1
i (m, n)S(, i), (11)
where S(, i) again denotes the Stirling number (of the second kind) [6]—this number of violators may be motivated in
exactly the same way as the second subtraction term was motivated in (1). However, the evaluation of (m, n) seems
to be a hard problem. This problem may, of course, be avoided by attempting to compute the quantity (n − m) −
(m, n) − (m, n) (as a whole) from the start, and not just the quantity (n − m) as was done in Section 3.
However, if the results of this paper can be extended to ﬁnd an expression for (m, n), then
(m, n) =
⎧⎪⎨
⎪⎩
(n − m) if n − mn − 1,
(n − m) − (m, n) if n − m = n,
(n − m) − (m, n) − (m, n) if n − mn + 1.
(12)
When c(m, n)=n+1 we are able to determine the quantity (m, n). In this case (m, n) is the number of contraction
vectors enumerated by (n − m) in which elements ofL occur exactly n + 1 times. Such vectors correspond to the
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partition n + 1 = 1 + 1 + . . . + 1, and assume the form
C= [(a(1)1 a(1)2 )(a(2)1 a(2)2 ) · · · (a(n+1)1 a(n+1)2 )],
in which one or two elements ofL occur exactly n + 1 times. An element ofL (which occurs n + 1 times in C) may
be chosen in  different ways. For each of these choices a further n + 1 elements from the remaining  − 1 elements
inL may be chosen in
(
n+1+−1−1
n+1
)
=
(
n+−1
n+1
)
ways to complete the speciﬁcation of C. There are
(

2
)
vectors that
have been counted twice above, and so we have that
(m, n) = 
(
n +  − 1
n + 1
)
−
(

2
)
if c(m, n) = n + 1.
Hence the value of(m, n) is, in fact, known for all c(m, n)n+1, but(m, n) remains to be found if c(m, n)>n+1.
Another extension that seems aworthwhile endeavour, is an attempt at enumerating the number of unlabelledbalanced
minimum covers of a ﬁnite set (i.e., where the members of the cover are considered indistinguishable).
Finally, each member of a minimal cover C contains at least one element of Um that is uniquely covered (i.e. not
covered by any other member of C). This means that each element a ∈ L can occur in at most n − 1 entries of the
contraction vector C of a minimal cover, in which case constraint (5) should be amended to
each a ∈L occurs at most n − 1 times in C. (13)
In this case constraint (6) is still superﬂuous, because it is automatically satisﬁed if (13) is satisﬁed. It would certainly
also be of interest to enumerate the balanced minimal covers of Um, instead of merely the balanced minimum covers
of Um, by enumerating the contraction vectors in (2) subject to constraints (4) and (13), as outlined above.
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